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T5 24.43± 0.38  150.22± 0.62 0.35± 0.04
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fi(z, t) " 
    
#
 
 i%
∑n
i=1 fi = 1%
ρi  	
%
Xi = ρifi(z, t) 
    

%
Sj(z, t) 
  # j% j = 1, ..., m%
rmi(z, t, Xi, Sj) 
!  %
u(z, t) "
    
#
 %
gi(z, t) = u(z, t)ρifi(z, t) = u(z, t)Xi(z, t) #
 H%
L(t) #
!  
%
A   
 %
(z2 − z1)A 5  "
2   #    
#
 
 i 
"
A
∂
∂t
∫ z2
z1
ρifi dz = A[gi(z1, t)− gi(z2, t)] + A
∫ z2
z1
ρirmi dz,
∫ z2
z1
ρi
∂fi
∂t
dz = −
∫ z2
z1
∂gi
∂z
dz +
∫ z2
z1
ρirmi dz, ->5.
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
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 ->5. 
   z2%    z2 = zB
∂fi
∂t
+
∂
∂z
(ufi) = rmi, ->7.
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$
 ->7.  i 
	
∂u
∂z
=
n∑
i=1
rmi, ->9.
1
 ->7. 
 1
" 
∑n
i=1 fi = 1 2  

    

 
 # "	 
 $ >77
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 ->7. 	 ->9.  
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  
 
rmi = rmi(z, t, ρif1, ..., , ρifn) = rmi(z, t, X1, ..., Xn). ->:.
2  

   rmi 		   # 
 # 
		 
 $
>7:
1	 
	"
&
	    #  [0, L(t)] 	 	 # ρiσi(L(t), t)   #

H # #
! 	 # 
1
	
∂
∂t
∫ L(t)
0
ρifi dz = −ρiσi +
∫ L(t)
0
ρirmi dz, i = 1, ..., n, t > 0. ->>.
$
  i 	 
 ->9. 	 ->5=.2 
	
L˙(t) = u(L(t), t)− σ, t > 0, ->A.
 
σ =
n∑
i=1
σi. ->6.
2  
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 	

  	
0
 1
 ->A. 
 #
L(0) = L0, ->@.
  L0 	   
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  #
!
0  
&
	  ->7.(->9. 
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  Xi⎧⎨
⎩
∂Xi
∂t
+ u∂Xi
∂z
= ρirmi − ∂u∂zXi,
∂u
∂z
=
∑
i rmi,
i = 1, ..., n 0 ≤ z ≤ L(t), t > 0, ->8.
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
Xi(z, 0) = ϕi(z), u(0, t) = 0. ->5=.
2  
 ϕi(z)    
 
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
 &	


->5=.2 
  )
 ->8.2 
 ->8.1 
"   
   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(
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
∂Xi
∂t
+ u
∂Xi
∂z
= ρirmi −Xi
n∑
h=1
rmh, i = 1, ..., n. ->55.
2   

    
 z = s(z0, t) 	!	 #
∂s
∂t
(z0, t) = u(s(z0, t), t), s(z0, 0) = z0, z0 ∈ [0, L0]. ->57.
 

Fi = ρirmi −Xi
∑
j
rmj = Fi(z, t, X1, ..., Xn) = Fi(z, t,X), ->59.
	 
	
 ->57.%  ->55. 	    
   (
	
 	
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
 1

d
dt
Xi(s(z0, t), t) = Fi(s, t,X), i = 1, ..., n, 0 ≤ z0 ≤ L0, t > 0, ->5:.

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
Xi(s(z0, 0), 0) = Xi(z0, 0) = ϕi(z0), 0 ≤ z0 ≤ L0, i = 1, ..., n. ->5>.
$"
  ->5:.(->5>. 
" Xi     

 '"%  

	  "   #% 
    

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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 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(

%    	
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  ->5:.(->5>. 
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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⎩
Xi(s(z0, t), t) = ϕi(z0) +
∫ t
0
Fi(s(z0, τ), τ,X(s(z0, τ), τ)) dτ,
i = 1, ..., n, 0 ≤ z0 ≤ L0, t > 0,
->5A.
 
 
   


 	

 ->5>.
*%   
 1
   

 
 	
"	  ->57.
s(z0, t) = z0 +
∫ t
0
u(s(z0, τ), τ) dτ. ->56.
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<      	
∂
∂z0
u(s(z0, t), t) =
n∑
h=1
rmh(s(z0, t), t,X(s(z0, t), t))
∂s
∂z0
(z0, t),
  1
 ->8.2   # 	 '%
u(s(z0, t), t) =
∫ z0
0
n∑
h=1
rmh(s(ζ, t), t,X(s(ζ, t), t))
∂s
∂z0
(ζ, t) dζ. ->5@.

   1
 #" 
 ->56. 
"   	
	 
 1

 s(z0, t)
s(z0, t) = z0 +
∫ t
0
dτ
∫ z0
0
n∑
h=1
rmh(s(ζ, τ), τ,X(s(ζ, τ), τ))
∂s
∂z0
(ζ, τ) dζ,
->58.
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 
   
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
 s(z0, 0) = z0 +"% 
 ∂s/∂z0

 
""	%   	
∂s
∂z0
(z0, t) = 1 +
∫ t
0
n∑
h=1
rmh(s(z0, τ), τ,X(s(z0, τ), τ))
∂s
∂z0
(z0, τ) dτ, ->7=.
 
  
  ->58.

%   
 1
     #	 
 #
	 # ->A.
L(t) = L0 +
∫ t
0
u(L(τ), τ) dτ −
∫ t
0
σ(L(τ), τ) dτ. ->75.
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"  
6
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
σ = 0. ->77.
)	  
   
%   
	  
 	 
Xi(s(z0, t), t) = ϕi(z0) +
∫ t
0
Fi(s(z0, τ), τ,X(s(z0, τ), τ)) dτ, i = 1, ..., n,
->79.
s(z0, t) = z0 +
∫ t
0
dτ
∫ z0
0
n∑
h=1
rmh(s(ζ, τ), τ,X(s(ζ, τ), τ))
∂s
∂z0
(ζ, τ) dζ,
->7:.
+ "#   $ % #$()#  *  @=
∂s
∂z0
(z0, t) = 1 +
∫ t
0
n∑
h=1
rmh(s(z0, τ), τ,X(s(z0, τ), τ))
∂s
∂z0
(z0, τ) dτ, ->7>.
0 ≤ z0 ≤ L0, 0 < t ≤ T. ->7A.
*   1
 ->75. 
 
		 
 ->7:.  z0 = L0
 

xi(z0, t) = Xi(s(z0, t), t), i = 1, ..., n, ->76.
xn+1(z0, t) = s(z0, t), xn+2(z0, t) =
∂s
∂z0
(z0, t), x = (x1, ..., xn+2), ->7@.
Fn+1(t,x(z0, t)) =
n∑
h=1
rmh(s(z0, t), t,X(s(z0, t), t))
∂s
∂z0
(z0, t), Fn+2 = Fn+1,
->78.
 
 
 
xi(z0, t) = ϕi(z0) +
∫ t
0
Fi(τ,x(z0, τ)) dτ, i = 1, ..., n, ->9=.
xn+1(z0, t) = z0 +
∫ t
0
dτ
∫ z0
0
Fn+1(τ,x(ζ, τ)) dζ, ->95.
xn+2(z0, t) = 1 +
∫ t
0
Fn+2(τ,x(z0, τ)) dτ, ->97.
0 ≤ z0 ≤ L0, 0 < t ≤ T. ->99.
,
	 9  Fh h = 1, ..., n + 2 

 
 	 ϕi 
i = 1, ..., n 
!
|Fk(x, t)−Fk(x˜, t)| ≤ λk
n+2∑
h=1
|xh−x˜h|, k = 1, ..., n+2, ϕi ∈ C([0, L0]). ->9:.
" 
 ->77. 	  
  
# 
 
  
->9=.(->99.B
xh = xh(z0, t), h = 1, ..., n+ 2, z0 ∈ [0, L0], 0 < t ≤ T, T > 0.
  &
	   "  V    
 xh(z0, t) 
 
C(I)% I = [0, L0]× [0, T ] 
 
||x|| =
n+2∑
h=1
sup
I
exp(−γ1z0 − γ2t)|xh(z0, t)|. ->9>.
+ "#   $ % #$()#  *  @5
'% γ1, γ2  

"    
 # !	   &
	  
 y = Ax  V 
 
 	!	 #
Ax = 
 ( 	 
	   (5.30)− (5.32). ->9A.
,      A 
  
"   # y˜ = Ax˜ 	 #

|yi − y˜i| ≤ λi
∫ t
0
n+2∑
h=1
|xh(z0, τ), τ)− x˜h(z0, τ), τ)| dτ, i = 1, ..., n,
|yi − y˜i| exp(−γ1z0 − γ2t) ≤
λi
∫ t
0
exp(−γ2(t− τ))
n+2∑
h=1
exp(−γ1z0 − γ2τ)|xh(z0, τ), τ)− x˜h(z0, τ), τ)| dτ ≤
λi||x− x˜||
∫ t
0
exp(−γ2(t− τ)) dτ ≤ λi
γ2
||x− x˜||, i = 1, ..., n, ->96.
|yn+1 − y˜n+1| ≤ λn+1
∫ t
0
dτ
∫ z0
0
n+2∑
h=1
|xh(ζ, τ), τ)− x˜h(ζ, τ), τ)| dζ,
|yn+1 − y˜n+1| exp(−γ1z0 − γ2t) ≤
λn+1
∫ t
0
dτ
∫ z0
0
e−γ1(z0−ζ)−γ2(t−τ)
n+2∑
h=1
e−γ1ζ−γ2τ |xh(ζ, τ), τ)− x˜h(ζ, τ), τ)| dζ ≤
λn+1||x− x˜||
∫ t
0
dτ
∫ z0
0
e−γ1(z0−ζ)−γ2(t−τ) dζ ≤ λn+1
γ1γ2
||x− x˜||, ->9@.
|yn+2 − y˜n+2| ≤ λn+2
∫ t
0
n+2∑
h=1
|xh(z0, τ), τ)− x˜h(z0, τ), τ)| dτ,
|yn+2 − y˜n+2| exp(−γ1z0 − γ2t) ≤
+ "#   $ % #$()#  *  @7
λn+2
∫ t
0
e−γ2(t−τ)
n+2∑
h=1
e−γ1z0−γ2τ |xh(z0, τ), τ)− x˜h(z0, τ), τ)| dτ ≤
λn+2||x− x˜||
∫ t
0
e−γ2(t−τ) dτ ≤ λn+2
γ2
||x− x˜||. ->98.
$
 ->96.(->98. 
"
||y − y˜|| ≤
(
n∑
i=1
λi
γ2
+
λn+1
γ1γ2
+
λn+2
γ2
)
||x− x˜||, ->:=.
2 %  y = Ax 
  
 
 γ1 	 γ2  	   ∑n
i=1 λi + λn+2
γ2
<
1
2
,
λn+1
γ1γ2
<
1
2
.
$%     
 "	
*% 
  
  	
"	  2  5
%
	
	"  $	     2  5% 

∑n
j=1 rmj ≥ 0 
∂s
∂z0
(z0, t) ≥ 1. ->:5.
  &
	   
 1

∂s
∂z0
(z0, t) = 1 +
∫ t
0
n∑
j=1
rmj(X(s(z0, τ), τ), s(z0, τ), τ)
∂s
∂z0
(z0, τ) dτ.
&
	  
	   
" 

 ;  # 
(
∂s
∂z0
)
0
(z0, t) = 1
	 	

(
∂s
∂z0
)
1
(z0, t)
(
∂s
∂z0
)
1
(z0, t) = 1 +
∫ t
0
(
n∑
j=1
rmj
∂s
∂z0
)
0
(z0, τ) dτ.
+ "#   $ % #$()#  *  @9
 

 
  
   #
  
!
 1  



  
      5 	  
   

%
	
	"  $	     2  5% 

∑n
j=1 rmj ≥ 0 
 

 	  
%
  &
	    

 z = s(z1, t) 	 z = s(z2, t)%  
z2 > z1 2 %
s(z2, t)− s(z1, t) =
∫ z2
z1
∂s
∂z0
(z0, t) dz0 ≥ z2 − z1 > 0.
%
	
	"  $	     2  5% 

∑n
j=1 rmj ≥ 0 
Xi   	
	  
  z, t
  2  
 z = s(z0, t)  # 
"	 	 
" z0 = s
−1(z, t)
2 %
xi(z0, t) = xi(s
−1(z, t), t) = Xi(z, t).
%
	
	"  $	     2  5% 
 Fi ≥ 0% ϕi ≥ 0 
Xi ≥ 0. ->:7.
  &
	 1
 ->79. 	   
	   
" (


 
 (Xi)0 = ϕi
%
	
	" $ $	     2  5
n∑
i=1
fi = 1 ⇔ ∂u
∂z
=
n∑
i=1
rmi. ->:9.
  &
	 1
 ->8.1% 
 
   
 " fi
fi = ϕi/ρi +
∫ t
0
(rmi − fi∂u
∂z
) dτ, i = 1, ..., n, ->::.
 
n∑
i=1
ϕi/ρi = 1,
+ "#   $ % #$()#  *  @:

 ϕi/ρi% i = 1, ..., n%    


 " 
 $

->::. 
"
n∑
i=1
fi =
n∑
i=1
ϕi/ρi +
∫ t
0
(
n∑
i=1
rmi −
n∑
i=1
fi
∂u
∂z
) dτ, ->:>.
'% 

∑n
i=1 fi = 1%
0 =
∫ t
0
(
n∑
i=1
rmi − ∂u
∂z
) dτ, ∀t,
	  	
0

 
  
   t
n∑
i=1
rmi =
∂u
∂z
. ->:A.
&"% 	   
 ->:A.%   

∑n
i=1 fi = 1 
   
1

  
 1
 ->:>.
%
	
	"  $	     2  5% 
 Fi ≥ 0% ϕi ≥ 0 
0 ≤ fi ≤ 1. ->:6.
  		% fi% i = 1, ..., n%  

" #  ->:7. 	    5


∑
i fi = 1
0  "
2   #	 "
 
 "	 # 1
 ->A.% 
 
"
%
L˙(t) = u(L(t), t)− σ(L(t), t), L(0) = L0, t > 0. ->:@.
 
	 
% 
 σ = 0% 1
 ->:@. 	     

 



 
 z0 = L0
s(L0, t), ->:8.
	   #   # "	 
 $ >77 *%  
	 σ ≥ 0 

 
 
 σ =×L2   
   
    
(
 # 	
# #
 	 %   #
 	    
 

         & 5  	 	 σ ,
 
 

|σ(L, t)− σ(L˜, t)| ≤ λ|L− L˜|. ->>=.
+ "#   $ % #$()#  *  @>
  
 t 	 # z0(t)   


 
     

   
L(t)
L(t) = s(z0(t), t). ->>5.
'%
L˙(t) =
∂s
∂z0
(z0(t), t)z˙0(t) +
∂s
∂t
(z0(t), t) =
∂s
∂z0
(z0(t), t)z˙0(t) + u(L(t), t).
->>7.
 ->:@. 	 ->>7. 
   
∂s
∂z0
(z0(t), t)z˙0(t) = −σ(L(t), t), ->>9.
	% 
 ∂s/∂z0 ≥ 1%
z˙0(t) ≤ 0. ->>:.
2 %        #	 
  
 
    
       

     
 $
  
  
 
 


   	   L(t) 
        


 1
 ->:8. 2  
 Xi  z ≤ s(L0, t) 
  $   

  #
    #	%    #
 ->:@.
L(t) = L0 +
∫ t
0
u(L(τ), τ) dτ −
∫ t
0
σ(L(τ), τ) dτ, ->>>.
	 
	
 ->8.2
L(t) = L0 +
∫ t
0
dτ
∫ L(τ)
0
n∑
j=1
rmj(ζ, τ) dζ −
∫ t
0
σ(L(τ), τ) dτ. ->>A.
2  
   
 
B C([0, T ])% 
 
||L(t)|| = sup
[0,T ]
exp(−γt)|L(t)|, γ 

" . ->>6.
&
	    L1 = BL% C([0, T ]) → C([0, T ]) 	!	 #
BL = 
 ( 	 
	 (5.56) ->>@.
	 "   B 
  
"  		%
L1 − L˜1 =
∫ t
0
dτ
∫ L(τ)
L˜(τ)
n∑
j=1
rmj(ζ, τ) dζ −
∫ t
0
[σ(L(τ), τ)− σ˜(L(τ), τ)] dτ.
->>8.
+ "#   $ % #$()#  *  @A
$

M = max |
n∑
j=1
rmj(z, t)|, 0 ≤ z ≤ s(L0, t), 0 ≤ t ≤ T, ->A=.
 
|L1 − L˜1| ≤ (M + λ)
∫ t
0
|L(τ)− L˜(τ)| dτ, ->A5.
|L1 − L˜1| exp(−γt) ≤ M + λ
γ
||L− L˜||, ->A7.
||L1 − L˜1|| < ||L− L˜||, ->A9.

 γ 
 	    M + λ
0* 
$

!  		  
B   #   
 
  

H  #  #
!  
 
		 	 
 
 	
rmi = rmi(z, t,X,S), ->A:.
  S(z, t) = (S1(z, t), ..., Sm(z, t)) 	 Sj(z, t) 	   

 # j% j = 1, ..., m
2  	
0
  # 
 "	 #   1

∂Sj
∂t
−Dj ∂
2Sj
∂z2
= rSj(z, t,X,S), 0 < z < L(t), 0 < t ≤ T, j = 1, ..., m,
->A>.
  Dj 	   	
0
"
 F
 	 rSj(z, t,X,S)   "(

   # j 2  
 


(#	 	

 
 #

	  1
 ->A>.
Sj(z, 0) = Sj0(z), 0 ≤ z ≤ L0, j = 1, ..., m, ->AA.
∂Sj
∂z
(0, t) = 0, Sj(L(t), t) = SjL(t), 0 < t ≤ T, j = 1, ..., m, ->A6.
Sj0(L0) = SjL(0), Sj0(0) = 0. ->A@.
 rSj ,
 
 
 
   S% X 	
Sj0 ∈ C1([0, L0]), SjL ∈ C1([0, T ]). ->A8.
+ "#   $ % #$()#  *  @6
)	      #"   
   ->A>.(->A@.  # (
	 
   
 1
 # 
       
1
 
  
 C59>D
Sj(z, t) =
∫ L0
0
Sj0(ζ)N(z, ζ, t) dζ +
∫ t
0
Djwj(τ)N(z, L(τ), t − τ) dτ
+
∫ t
0
SjL(τ)[N(z, L(τ), t − τ)L˙(τ)−DjNζ(z, L(τ), t− τ)] dτ
+
∫ t
0
dτ
∫ L(τ)
0
rSj(ζ, τ,X(ζ, τ),S(ζ, τ))N(z, ζ, t−τ) dζ, j = 1, ..., m, ->6=.
wj(t) =
∫ L0
0
S ′j0(ζ)G(z, ζ, t) dζ + 2
∫ t
0
S˙Lj(τ)G(L(t), L(τ), τ) dτ
+2
∫ t
0
dτ
∫ L(τ)
0
rSj(ζ, τ,X(ζ, τ),S(ζ, τ))Nz(L(t), ζ, t− τ) dζ
+2
∫ t
0
Djwj(τ)Nz(L(t), L(τ), t− τ) dτ, j = 1, ..., m, ->65.
    
 
  " # 
		
K(z, t) =
exp(−z2)/4Djt√
4πDjt
, N(z, ζ, t− τ) = K(z− ζ, t− τ) +K(z + ζ, t− τ),
->67.
wj(t) =
∂Sj
∂z
(L(t), t), G(z, ζ, t−τ) = K(z−ζ, t−τ)−K(z+ζ, t−τ). ->69.
$ ->6=.(->65. 	 ->9=.(->99.  # 
		 
(
% 
     	 #   
  rSj 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∂z
Xi(z, t) = ρirM,i(z, t,X)−Xi(z, t) ∂
∂z
u(z, t), ->5.
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∂z
u(z, t) =
n∑
i=1
rM,i(z, t,X), 0 < z ≤ L(t), t > 0, ->7.
L˙(t) = u(L(t), t) + σ(t), t > 0, ->9.
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c(t0, t) = u(c(t0, t), t), c(t0, t0) = L(t0). ->>.
&	

 ->:.3 
      


 " 
    (


  
   

G(z, t,X) =
n∑
i=1
rM,i, Fi(z, t,X) = ρirM,i −XiG, ->A.
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 ->5. 
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d
dt
Xi(c(t0, t), t) = Fi(c(t0, t), t,X(c(t0, t), t)), 0 ≤ t0 ≤ t ≤ T, ->6.
	  

 " (t0, t)
Xi(c(t0, t), t) = ψi(t0) +
∫ t
t0
Fi(c(t0, τ), τ,X(c(t0, τ), τ)) dτ. ->@.
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 
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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u(c(t0, t), t) = G(c(t0, t), t,X(c(t0, t), t)). ->8.
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%
∂u
∂t0
(c(t0, t), t) =
∂u
∂z
∂c
∂t0
= G(c(t0, t), t,X(c(t0, t), t))
∂c
∂t0
(t0, t),
	
∂u
∂τ
(c(τ, t), t) = G(c(τ, t), t,X(c(τ, t), t))
∂c
∂τ
(τ, t), 0 < τ ≤ t0.

 " (0, t0) 
	
u(c(t0, t), t) =
∫ t0
0
G(c(τ, t), t,X(c(τ, t), t))
∂c
∂τ
(τ, t) dτ, ->5=.

 u(c(0, t), t) = u(0, t) = 0
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
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L˙(t0) = u(L(t0), t0) + σ(t0) = u(c(t0, t0), t0) + σ(t0), ->55.
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L˙(t0) = σ(t0) +
∫ t0
0
G(c(τ, t0), t0,X(c(τ, t0), t0))
∂c
∂τ
(τ, t0)dτ. ->57.
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L˙(θ) = σ(θ) +
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0
G(c(τ, θ), θ,X(c(τ, θ), θ))
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(τ, θ)dτ, 0 < θ ≤ t0,
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	%  
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 " (0, t0)%
L(t0) =
∫ t0
0
σ(θ) dθ +
∫ t0
0
dθ
∫ θ
0
G(c(τ, θ), θ,X(c(τ, θ), θ))
∂c
∂τ
(τ, θ)dτ.
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c(t0, θ) = u(c(t0, θ), θ), c(t0, t0) = L(t0), t0 < θ ≤ t.
 " (t0, t)
c(t0, t) = L(t0) +
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u(c(t0, θ), θ) dθ,
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	  ->5=.
c(t0, t) = L(t0) +
∫ t
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dθ
∫ t0
0
G(c(τ, θ), θ,X(c(τ, θ), θ))
∂c
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(τ, θ)dτ. ->5:.
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c(t0, t) = σ(t0) +
∫ t
t0
G(c(t0, θ), θ,X(c(t0, θ), θ))
∂c
∂t0
(t0, θ)dθ. ->5>.
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xi(t0, t) = Xi(c(t0, t), t), x(x1, ..., xn), ->5A.
Φi(x(t0, t), c(t0, t), t) = Fi(c(t0, t), t,x(t0, t)), i = 1, ..., n. ->56.
Φn+1(x(t0, t), c(t0, t), ct0(t0, t), t) = G(c(t0, t), t,x(t0, t))ct0(t0, t), ->5@.
Φn+2 = Φn+1. ->58.
 
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 ->5A.(->58.% 1
 ->@.% ->59.% ->5:.% ->5>. 
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xi(t0, t)) = ψi(t0) +
∫ t
t0
Φi(x(t0, τ), c(t0, τ), τ)dτ, ->7=.
c(t0, t) =
∫ t0
0
σ(θ) dθ +
∫ t0
0
dθ
∫ θ
0
Φn+1(x(τ, θ), c(τ, θ), cτ(τ, θ), θ) dτ
+
∫ t
t0
dθ
∫ t0
0
Φn+1(x(τ, θ), c(τ, θ), cτ(τ, θ), θ)dτ, ->75.
ct0(t0, t) = σ(t0) +
∫ t
t0
Φn+2(x(t0, θ), c(t0, θ), ct0(t0, θ), θ)dθ, ->77.
L(t0) =
∫ t0
0
dθ
∫ θ
0
G(c(τ, θ), θ,x(τ, θ))cτ(τ, θ) dτ +
∫ t0
0
σ(θ) dθ, ->79.
  i = 1, ...n 	 0 ≤ t0 ≤ t ≤ T 
*   1
 ->79. 
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	 Φj ,
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σ, ψi ∈ C([0, T ]), i = 1, ..., n, ->7:.
|Φi(x, c, t)− Φi(x˜, c˜, t)| ≤ Li
[
n∑
h=1
|xh − x˜h|+ |c− c˜|
]
, i = 1, ..., n, ->7>.
|Φi(x, c, ct0, t)−Φi(x˜, c˜, c˜t0 , t)| ≤ Li
[
n∑
h=1
|xh − x˜h|+ |c− c˜|+ |ct0 − c˜t0 |
]
, i = n+1, n+2.
->7A.
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 xi, c, ct0 ∈ C(I)  ?
 ->7=.(->77.%   I = {(t0, t) : 0 ≤ t0 ≤ t ≤ T}% T > 0
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 xi, c, ct0 ∈
C(I) 
 
||(x, c, ct0)|| =
n∑
i=1
max
I
e−γ1t0−γ2t|xi(t0, t)|+max
I
e−γ1t0−γ2t|c(t0, t)|+max
I
e−γ1t0−γ2t|ct0(t0, t)|,
  γ1 	 γ1  

"  , (y, C, Ct0) = A(x, c, ct0) #  
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 	!	 #   1
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 #
yi(t0, t)) = ψi(t0) +
∫ t
t0
Φi(x(t0, τ), c(t0, τ), τ)dτ, ->76.
C(t0, t) =
∫ t0
0
σ(θ) dθ +
∫ t0
0
dθ
∫ θ
0
Φn+1(x(τ, θ), c(τ, θ), cτ(τ, θ), θ) dτ
+
∫ t
t0
dθ
∫ t0
0
Φn+1(x(τ, θ), c(τ, θ), cτ(τ, θ), θ)dτ, ->7@.
Ct0(t0, t) = σ(t0) +
∫ t
t0
Φn+2(x(t0, θ), c(t0, θ), ct0(t0, θ), θ)dθ, ->78.
  i = 1, ...n 	 0 ≤ t0 ≤ t ≤ T   # (y˜, C˜, C˜t0) = A(x˜, c˜, c˜t0)
	 
	 1
 ->76.
|yi(t0, t))− y˜i(t0, t))|e−γ1t0−γ2t
≤ Li
∫ t
t0
[
n∑
h=1
|xh(t0, τ)− x˜h(t0, τ)|+ |c(t0, τ)− c˜(t0, τ)|
]
e−γ1t0−γ2τe−γ2(t−τ)dτ.
'%
|yi(t0, t))− y˜i(t0, t))|e−γ1t0−γ2t ≤ Li||(x, c, ct0)− (x˜, c˜, c˜t0)||/γ2, ->9=.
i = 1, ..., n &
	 1
 ->7@.
|C(t0, t))− C˜(t0, t))|e−γ1t0−γ2t ≤ Ln+1
∫ t0
0
dθ
∫ θ
0
[
n∑
h=1
|xh(τ, θ)− x˜h(τ, θ)|
+|c(τ, θ)− c˜(τ, θ)|+ |cτ (τ, θ)− c˜τ (τ, θ)|] e−γ1t0−γ2τe−γ1(t0−τ)e−γ2(t−θ)dτ
+Ln+1
∫ t
t0
dθ
∫ t0
0
[
n∑
h=1
|xh(τ, θ)− x˜h(τ, θ)|+ |c(τ, θ)− c˜(τ, θ)|
+|cτ (τ, θ)− c˜τ (τ, θ)|] e−γ1t0−γ2τe−γ1(t0−τ)e−γ2(t−θ)dτ.
+ "#   $ % #$()#  *  8:
'%
|C(t0, t))− C˜(t0, t))|e−γ1t0−γ2t ≤ 2Ln+1||(x, c, ct0)− (x˜, c˜, c˜t0)||/(γ1γ2). ->95.
&
	 1
 ->78.
|Ct0(t0, t))− C˜t0(t0, t))|e−γ1t0−γ2t ≤ Ln+2
∫ t0
0
[
n∑
h=1
|xh(t0, θ)− x˜h(t0, θ)|
+|c(t0, θ)− c˜(t0, θ)|+ |ct0(t0, θ)− c˜t0(t0, θ)|] e−γ1t0−γ2τe−γ2(t−θ)dθ.
'%
|Ct0(t0, t))− C˜t0(t0, t))|e−γ1t0−γ2t ≤ Ln+2||(x, c, ct0)− (x˜, c˜, c˜t0)||/γ2. ->97.
 ->9=.(->97. 
   
||(y, C, Ct0)− (y˜, C˜, C˜t0)|| ≤ p||(x, c, ct0)− (x˜, c˜, c˜t0)||,
 
p =
1
γ2
n∑
i=1
Li +
2
γ1γ2
Ln+1 +
1
γ2
Ln+2.
   

"  γ1, γ2      %   p < 1 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	        2  5   
 L ∈
C([0, T ])
'	

9 $ 1
 ->79.
0  
  ) $
 $
2  
  
 $ >97 "
	   
    #
 (

 
   
Xi = Xi(c(t0, t), t), i = 1, ..., n, ->99.
    

 # 1
   
 
   
Xi = Xi(z, t), i = 1, ..., n. ->9:.
$

z = c(t0, t), ->9>.
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 
    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    
 c 
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  t0 
 2 
 
 
 	 
   
G
,
	 9 )	        2  5% 

σ(t0) ≥ σL > 0, G(c(t0, t), t,x(c(t0, t), t)) ≥ 0, 0 ≤ t0 ≤ t ≤ T, ->9A.
 
c(t0, t) > 0, ct0(t0, t) > 0, 0 ≤ t0 ≤ t ≤ T. ->96.
 		

%
L(t0) > 0, 0 < t0 ≤ t ≤ T, L˙(t0) > 0, 0 ≤ t0 ≤ t ≤ T. ->9@.
'	

9 1

 ->96.     

   
	 
 
" 

  
 1
 ->75.(->77. 

->9@.  
 	
"	  ->57. 	 ->79.
*%   
 c  # 
"	 	   
 ->9:. 
 #
	
,
	 9 )	        2  5% 

ψi(t0) ≥ 0, Fi(c(t0, t), t,x(c(t0, t), t)) ≥ 0, 0 ≤ t0 ≤ t ≤ T, ->98.
i = 1, ..., n%  
xi(t0, t) ≥ 0, 0 ≤ t0 ≤ t ≤ T, i = 1, ..., n. ->:=.
'	

9 1
 ->98.     

   
	  

" 

  
 1
 ->7=.
&
	 
 1
 ->@. 
 
   
 "
fi = Xi/ρi
fi(c(t0, t), t) = ψi(t0)/ρi +
∫ t
t0
(rM,i − fiG) dτ, i = 1, ..., n. ->:5.
$
 ψi(t0)/ρi% i = 1, ..., n%    


 
 "%  

n∑
i=1
ψi(t0)/ρi = 1. ->:7.
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 
 
!	 #     

fi   

f(c(t0, t), t) =
n∑
i=1
fi = 1 ∀t. ->:9.
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 
 ->:7.
 	%   	

 ->:9. 
 
!	
'	

9 $
 ->:=.  i 	 
 ->:7. 
	
f(c(t0, t), t) = 1 +
∫ t
t0
G(1− f) dτ, 0 ≤ t0 ≤ t ≤ T, ->::.

 


 	


f(c(t0, t0), t0) = 1. ->:>.
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Products
Lactate
(S1)
HSRB
(C)
(X1)
Sulfate
(S2)
HSRB
(I)
(X2)
Acetate
(S3)
Acetate degraders
(X3)
Organism species
Substrates
Inerts
(X4)
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∂Xi
∂t
+
∂
∂z
(uXi) = ρirM,i(z, t,X,S), 0 ≤ z ≤ L(t), t > 0, i = 1, 2, 3, 4 ->:A.
∂u
∂z
=
3∑
i=1
rM,i(z, t,X,S), 0 < z ≤ L(t), t > 0, ->:6.
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   
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    
#

 	
 
     #
!  
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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  # j = 1, 2, 3% rM,i(z, t, Xi, Sj)   #
  
% L(t)   #
!  
% X = (X1, X2, X3, X4) 	 S = (S1, S2, S3)
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rM,1 = μmax,1X1
S1
K1,1 + S1
S2
K2,1 + S2
− bm,1X1, ->:@.
rM,2 = μmax,2X2
S1
K1,2 + S1
S2
K2,2 + S2
− bm,2X2, ->:8.
rM,3 = μmax,3X3
S3
K1,3 + S3
− bm,3X3, ->>=.
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rM,4 = bm,1X1 + bm,2X2 + bm,3X3, ->>5.
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∂Sj
∂t
−Dj ∂
2Sj
∂z2
= rS,j(z, t,X,S), 0 < z < L(t), 0 < t ≤ T, j = 1, 2, 3, ->>7.
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rS,1 = −
μmax,1
Y1
X1
S1
K1,1 + S1
S2
K2,1 + S2
− μmax,2
Y2
X2
S1
K1,2 + S1
S2
K2,2 + S2
,
->>9.
rS,2 = −1.5
(1− Y1)μmax,1
Y1
X1
S1
K1,1 + S1
S2
K2,1 + S2
−1.5(1− Y2)μmax,2
Y2
X2
S1
K1,2 + S1
S2
K2,2 + S2
, ->>:.
rS,3 =
(1− Y2)μmax,2
Y2
X2
S1
K1,2 + S1
S2
K2,2 + S2
− μmax,3
Y3
X3
S3
K3 + S3
, ->>>.
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Xi(z, 0) = ϕi(z), u(0, t) = 0, 0 ≤ z ≤ L0, 0 < t ≤ T, i = 1, 2, 3, 4, ->>A.
Sj(z, 0) = Sj0(z), 0 ≤ z ≤ L0, j = 1, 2, 3, ->>6.
∂Sj
∂z
(0, t) = 0, Sj(L(t), t) = SjL(t), 0 < t ≤ T, j = 1, 2, ->>@.
∂S3
∂z
(0, t) =
∂S3
∂z
(L(t), t) = 0, 0 < t ≤ T. ->>8.
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 z = s(s0, t) 	!	 #
s˙(s0, t) = u(s(s0, t), t), s(s0, 0) = s0, 0 ≤ s0 ≤ L0, t > 0. ->A7.
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G =
4∑
i
rM,i = G(z, t,X,S), ->A9.
Fi = ρirM,i −XiG = Fi(z, t,X,S), ->A:.
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 
 
∂u
∂s
(s, t) = G(s, t,X,S), 0 < s ≤ L(t), t > 0, ->A>.
X˙i(s(s
0, t), t) = Fi(s(s
0, t), t,X,S), i = 1, 2, 3, 4, t > 0, ->AA.
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sn+1m − snm =
∫ tn+1
tn
u(s(snm, τ), τ) dτ, ->A6.
  snm = s(s
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
	 1
 ->A>. 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 " (s
n
m, s
n
m+1)

	
u(snm+1, tn)− u(snm, tn) =
∫ snm+1
snm
G(s, tn,X,S) ds. ->A@.
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L(tn+1)− L(tn) =
∫ tn+1
tn
u(L(τ), τ) dτ. ->A8.
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∫ tn+1
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Fi(s(s
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m, τ), τ,X,S) dτ.
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Sn+1j,m = S
n
j,m +
Δt
(Δz)2
(Snj,m−1 − 2Snj,m + Snj,m+1) + ΔtrnS,j,m, ->65.
 
rnS,j,m = rS,j(mΔz, nΔt,X
n
m,S
n
m). ->67.
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